We have found that κ-symmetry allows a covariant quantization provided the ground state of the theory is strictly massive. For D-p-branes a Hamiltonian analysis is performed to explain the existence of a manifestly supersymmetric and Lorentz covariant description of the BPS states of the theory. The covariant quantization of the D-0-brane is presented as an example.
Introduction
Extended objects with global supersymmetry have local κ-symmetry. This symmetry is difficult to quantize in Lorentz covariant gauges keeping finite number of fields in the theory. A revival of interest to κ-symmetric objects is due to the recent discovery of D-p-branes [1] and D-p-brane actions [2, 3, 4, 5] .
Before the choice of the gauge is made the problem with covariant quantization of κ-symmetry can be seen as the impossibility to disentangle covariantly the combination of the first and second class fermionic constraints. In the past the quantization of the superparticle, of the supersymmetric string, and of the supermembrane was performed only in the light-cone gauge for spinors
In this gauge κ-symmetry is fixed leaving only the second class fermionic constraints whose Poisson brackets are invertible even for the massless ground state. In covariant gauges the major problem is that the constraints are not invertible.
Recently a covariant gauge fixing κ-symmetry of D-branes has been discovered [3] . The fermionic gauge is of the form
where θ 2 is one of the chiral spinors of the 10d theory. Moreover, since there is a duality between the D-1 brane and the fundamental IIB string, a gauge-fixing of the fundamental string in covariant gauge has been achieved in [3] by passing. Does it mean that the previous attempt to covariantly quantize the Green-Schwarz string missed the point, or something else happened? Is the existence of covariant gauges a special property of D-p-branes only, or they exist for all p-branes? To address these issues one has to take into account that the covariant quantization performed in [3] also used the so-called static gauges X m = σ m for fixing the bosonic reparametrization symmetry. The total picture of covariant quantization of κ-symmetry with the use of static gauges is difficult to analyze.
Here we will first switch to a Hamiltonian form of the theory which will allow us to study the issues in quantization of κ-symmetry before a choice of the reparametrization fixing gauge is made. We will analyze the quantization of κ-symmetric theories and we will establish connection of the quantized theory with d = 10, N = 2 supersymmetry algebra with central extensions:
We present here the supersymmetry algebra in the form given in [1] . Here Q N and Q R are NS-NS and R-R charges and A runs over antisymmetrized products of gamma matrices. We will find the covariant mass formula for the quantized D-p-branes.
The quantization of D-p-branes in static gauges [3] leads to complicated non-linear actions. In this paper we will perform a covariant quantization of the D-0-brane which will give a simple quadratic action.
Main results
We have found that the covariant quantization of D-branes is consistent and that the ground state |Ψ of the system has a non-vanishing mass
Here P m is the momentum conjugate to the coordinate X m and the eigenvalue of the operator −(Γ m P m ) 2 is given by the positive definite expression (
. T is the Dbrane tension, the index a runs over the space components of the brane, G ab , F ab are the space part of metric induced on the brane and the 2-form, respectively, and P a is the momentum conjugate to the vector field on the brane. Both the metric G ab and the 2-form F ab are manifestly supersymmetric under the N=1 part of the full N=2 global supersymmetry.
For example, for the covariantly quantized D-2-brane we find from (6) that the mass of the ground state is
Here the square of the Poisson bracket is defined as,
and λ is one of the chiral d=10 spinors which remains in the theory after κ-symmetry is gauge-fixed covariantly. This is a Lorentz covariant generalization of the mass operator
which appears in the quantization of the M-2 supermembrane [6] in the light-cone gauge [7, 8] . In the form in which r, s are matrix indices this expression has been used in M(atrix )model [9] .
The static gauge for the D-2 brane X 1 = σ, X 2 = ρ corresponds to
This makes the constant part of the square of the momentum on the ground state non-vanishing as long as the tension T is non-vanishing. Thus the covariant quantization of the D-2-brane performed in [3] indeed confirms our general conclusion that the ground state of a D-brane has a non-vanishing mass as long as the tension of the D-brane is non-vanishing.
This observation also solves the apparent paradox with the covariant quantization of κ-symmetry of the IIB fundamental string in [3] . For the D-1-brane we get
The ground state of the D-1-brane is massive. The technical reason for this (in Lorentz covariant gauge for spinors and the static gauge X 1 = σ for reparametrization symmetry [3] ) is that (
This corresponds to the D-string wrapped around the circle. In case of a fundamental string, the covariant gauge-fixing proposed in [3] also uses a static gauge. Therefore the massless state of the fundamental GS string is projected out, and in this way the two quantized string theories, D-1-brane and type IIB fundamental strings are dual to each other. For the D-0-brane the mass formula (6) cannot be applied since there are no space directions. However, the mass formula in this case is simply M 2 = Z 2 , where Z equals the tension of the D-0-brane.
We will proceed with the derivation of the results stated above.
Irreducible κ-symmetry on D-branes
The κ-symmetric D-brane action in the flat background geometry 1 consists of the Born-InfeldNambu-Goto term S 1 and Wess-Zumino term S 2 :
Here T is the tension of the D-brane, G µν is the manifestly supersymmetric induced world-volume metric
and F µν is a manifestly supersymmetric Born-Infeld field strength (for p even)
When p is odd, Γ 11 is replaced by τ 3 ⊗ I. The action has global supersymmetry
1 We use notation of [3] . 2 We define spinors for even p as θ = θ 1 + θ 2 where
and local κ-supersymmetry:
and
where
Here Γ ′ (0) is the product structure, independent on the BI field, (Γ 
We introduced a 16 × 16-dimensional matrixγ which does not depend on BI field. Now the κ-symmetry generator can be presented in a useful off-diagonal form
The fact that Γ is off-diagonal and that the matrix γeâ is invertible is quite important and the significance of this was already discussed in [3, 10] . In particular this allows us to consider only irreducible κ-symmetry transformations by imposing a Lorentz covariant condition onκ of the form
In this way we have an irreducible 16-dimensional κ-symmetry since the matrixγeâ is invertible, acting as
4 Fermionic constraints prior to gauge-fixing
The Hamiltonian analysis of supersymmetric extended objects with κ-symmetry requires the knowledge of the fermionic constraints. We split the worldvolume coordinates σ µ into time σ 0 = τ and space part σ a where a = 1, . . . , p. In the first approximation we will neglect the space-dependence on σ a of spinors θ.
To find fermionic constraints we observe that our κ-symmetric D-p-brane actions depend on the following combinations of the time derivatives of the fields:
and T WZ ≡ Γ A Z A in the WZ term and Γ A are given by an odd number of antisymmetrized Γ-matrices in IIA theory and an even number in IIB case.
We introduce canonical momenta
The fermionic constraints followΦ
These 32 constraints can be shown to represent 16 first class constraints and 16 second class ones. The Poisson brackets of these constraints are given by (terms with possible derivatives of the delta functions δ p (σ a −σ a ) are omitted)
These brackets realize d=10, N=2 supersymmetry algebra with central extensions. The R-R charges in this algebra Z A are due to the structure of the WZ part of the action. For example, in p = 0 case we have Γ A Z A = Z, where Z is the mass of the D-0-particle. In p = 1 we get
The terms with the P a Π m a could be considered as defining the NS-NS charge.
The problem of covariant quantization of the fundamental string was the impossibility to disentangle these constraints into the first class and the second class covariantly. For the D-branes the situation is different due to the presence of the R-R charges which appear in the bracket of Φ 1 and Φ 2 in (32). We will see later that the reparametrization constraints in presence of R-R central charges are such that the bracket for e. g. {Φ 1 , Φ 1 } is invertible.
Gauge-fixed κ-symmetry
From now on we will study the possibilities to quantize these actions. One of the possibilities which we will pursue here is to immediately gauge-fix κ-symmetry by choosing the gauge for theta's. Here again we will follow [3] and simply take
Note that our choice of irreducible κ-symmetry (which is not unique) was made here with the purpose to explicitly eliminate θ 2 (θ 1 ) in IIA (IIB) case using δθ 2 =κ 2 ( δθ 1 =κ 1 ). The gauge-fixed action has one particularly useful property: the Wess-Zumino term vanishes in this gauge [3] . We are left with the reparametrization invariant action:
The justification of this procedure can be done either by showing that the remaining action does not have fermionic gauge symmetries anymore (which was done in [10] ) or by the study of the Hamiltonian of the gauge-fixed theory and the constraints. In [3] the remaining reparametrization symmetry of the theory was gauge-fixed by choosing a static gauge. The resulting gauge-fixed action does not have fermionic degeneracy and this also shows that the choice of a gauge-fixing made in [3] is acceptable.
We will take from now on a different approach and study the Hamiltonian of the theory after κ-symmetry is gauge-fixed.
Hamiltonian structure of the theory
The set of canonical momenta and coordinates of the theory in (35) includes (P m , X m ) , (P 0 , A 0 ) , (P a , A a ) , (P λ , λ). All expressions are relatively simple if as before we neglect in the first approximation terms with worldvolume space derivatives on spinors ∂λ ∂σ a . The phase space action (35) can be brought to the canonical form
where t α (p, q) are some constraints of the first and second kind.
Recently a Hamiltonian analysis of the bosonic part of the D-brane action was performed in [11] . Our κ-symmetry-gauge-fixed action is a supersymmetric generalization of the theory, studied in [11] . Indeed we have one manifest 16-dimensional global supersymmetry
The second 16-dimensional global supersymmetry exists since the gauge θ 2 = 0 required κ 2 + ǫ 2 = 0 and δθ 1 = −ǭ 2γ eâ in IIA theory and analogous in IIB case. At this stage it is important that we have a manifestly realized 16-dimensional supersymmetry. This allows us to use the structure of the bosonic Hamiltonian theory [11] and perform an N=1 supersymmetrization of it. The dots contain terms with space derivatives on spinors ∂λ ∂σ a . There is also a secondary "Gauss law" constraint [11] . The bosonic constraints related to the reparametrization gauge symmetry, the time reparametrization and space reparametrization constraints (with Lagrange multipliers ξ, ξ a ) are
The constraint related to the abelian gauge symmetry (with the Lagrange multiplier ξ BI ) is
These constraints are not much different from the constraints in the bosonic theory [11] . The new feature here is the presence of 16 fermionic constraints:
If the gauge-fixing of the previous section is correct, we should find out that the fermionic constraints are second class, and there is no fermionic gauge symmetry left. For this to happen, the Poisson bracket of fermionic constraints has to be invertible when other constraints are imposed. Thus we have to calculate
Here . . . stands for terms with derivatives of the δ p (σ a −σ a )-function and terms with space derivatives on spinors. The square of the matrix in the right-hand side of the constraint is
When the reparametrization constraints are imposed, we get
This is quite remarkable: the invertibility of the second class constraints for D-branes quantized in the Lorentz covariant gauge relies on 2 basic facts: The tension has to be non-vanishing and the space part of the determinant of the BI action has to be non-vanishing,
To understand the meaning of this restriction on the theory, we may consider the physical states satisfying all first class constraints
The mass of any such state we define by the eigenvalue of the square of the momentum
The mass of any physical state of the theory therefore consists of two positive contributions: the first and the second term in eq. (51). For the fermionic constraints to be second class this requirement means that all physical states of the theory have to have strictly non-vanishing mass.
This applies equally well to the ground state of the theory. Thus the Hamiltonian analysis of the reason why D-branes admit Lorentz covariant gauge-fixing of κ-symmetry leads to the following conclusion: As long as there are mo massless states in the theory, κ-symmetry admits covariant gauges.
The existence of R-R charges or equivalently the existence of central extensions in supersymmetry algebra (32) is related to M We may compare this Hamiltonian result with the gauge-fixing of D-branes in static gauges X µ = σ µ which was used in [3] . The tension was equal one there, T = 1. In static gauges
and therefore both conditions for invertibility of the bracket of covariant fermionic constraints (48) and (49) are satisfied.
Covariant quantization of D-0-brane
Consider the κ-symmetric action of a D-0-brane. D-0-brane action does not have Born-Infeld field since there is no place for an antisymmetric tensor of rank 2 in one-dimensional theory. The action (13) for p = 0 case reduces to
This action can be derived from the action of the massless 11-dimensional superparticle.
We may solve equation of motion for X1 0 as P1 0 = Z, where Z is a constant, and use Γ 11 = Γ1 0 . From this one can deduce a first order action
We will show now that the D-0-brane action can be obtained from this one upon solving equations of motion for P m , V, χ 1 , and d 2 . Here V (τ ) is a Lagrange multiplier, Z = T is some constant parameter in front of the WZ term and P 2 ≡ P m η mn P n . The chiral spinors χ 1 and d 2 are auxiliary fields. They are introduced to close the gauge symmetry algebra off shell. To verify that this first order action is one of the D-p-brane family actions given in (13) we can use equations of motion for P m
and for the auxiliary fields χ 1 = 0 and d 2 = 0. The action (56) becomes
Equation of motion for V is
and we can insert V = − 1 Z −(Ẋ m −θΓ mθ ) 2 back into the action (58) and get
This is the action (13) for D-0-brane at T = Z as given in (54).
The action (56) is invariant under the 16-dimensional irreducible κ-symmetry and under the reparametrization symmetry. The gauge symmetries are (we denote Γ m P m = / P):
Here η(τ ) is the time reparametrization gauge parameter and κ 2 (τ ) = 1 2
(1 − Γ 11 )κ(τ ) is the 16-dimensional parameter of κ-symmetry. The gauge symmetries form a closed algebra
To bring the theory to the canonical form we introduce canonical momenta to θ and to V and find, excluding auxiliary fields
We have primary constraintsΦ ≡P θ +θ(/ P + ZΓ 11 ) ≈ 0 and P V = 0. The Poisson brackets for 32 fermionic constraints are {Φ, Φ} = 2C(/ P + Γ 11 Z) .
We also have to require that the constraints are consistent with the time evolution {P V , H} = 0. This generates a secondary constraint
Thus the Hamiltonian is weakly zero and any physical state of the system satisfying the reparametrization constraint is a BPS state M = |Z| since
The 32 × 32 -dimensional matrix C(/ P + Γ 11 Z) is not invertible since it squares to zero when the reparametrization constraint is imposed. This is a reminder of the fact that D-0-brane is a d=11 massless superparticle. The 32 dimensional fermionic constraint has a 16-dimensional part which forms a first class constraint and another 16-dimensional part which forms a second class constraint. We notice that the Poisson brackets reproduce the d = 10, N = 2 algebra with the central charge which can also be understood as d = 11, N = 1 supersymmetry algebra with the constant value of P 11 = Z.
We proceed with the quantization and gauge-fix κ-symmetry covariantly by taking θ 2 = 0,
The 16-dimensional fermionic constraint
The matrix / PC is perfectly invertible as long as the central charge Z is not vanishing. The inverse to (73) is
This proves that the fermionic constraints are second class and that the fermionic part of the Lagrangian
is not degenerate in a Lorentz covariant gauge. None of this would be true for a vanishing central charge. Note that in the rest frame P 0 = M, P = 0, hence
For D-0-brane one can covariantly gauge-fix the reparametrization symmetry by choosing the V = 1 gauge and including the anticommuting reparametrization ghosts b, c. This brings us to the following form of the action:
Now we can define Dirac brackets
The generator of the 32-dimensional supersymmetry is
It forms the following Dirac bracket
We can also rewrite it in d=11 Lorentz covariant form
This Dirac bracket realizes the d=11, N=1 supersymmetry algebra or, equivalently, d=10, N=2 supersymmetry algebra with the central charge Z.
One can also to take into account that the path integral in presence of second class constraints has an additional term with Ber{Φ λ , Φ λ } ∼ Ber Φ αβ [12] , see Appendix. It can be used to make a change of variables
The action becomes
The generators of global supersymmetry commuting with the Hamiltonian take the form
Taking into account that {S α , S β } * = − The terms with anticommuting fields S α can be rewritten in a form where it is clear that they can be interpreted as world-line spinors,
HereS α = iS α ρ 0 and (ρ 0 ) 2 = −1, ρ 0 = i being a 1-dimensional matrix.
Thus, we have the original 10 coordinates X m and their conjugate momenta P m , and a pair of reparametrization ghosts. There are also 16 anticommuting world-line spinors S, describing 8 fermionic degrees of freedom. The Hamiltonian is quadratic. The ground state with M 2 = Z 2 is the state with the minimal value of the Hamiltonian. Thus for the D-superparticle one can see that the condition for the covariant quantization is satisfied in the presence of a central charge which makes the mass of a physical state non-vanishing. The global supersymmetry algebra is realized in a covariant way, as different from the light-cone gauge.
Conclusion
Thus, we have confirmed here the conclusion of the work [3] that one can covariantly quantize D-pbranes. However, as different from [3] , we did not use the static gauge for fixing the reparametrization symmetry, and analysed the Hamiltonian structure of the theory. This allowed us to clarify the reason and the generic condition under which a covariant quantization of D-p-branes is possible: the ground state has to be strictly massive, M i) The tension of the D-p-brane T has to be non-vanishing.
ii) det(G + F ) ab has to be non-vanishing (a, b are space components of the brane).
Those two conditions for the D-p-brane are basically equivalent to the definition of this object. Both these conditions have to be satisfied if there are non-vanishing central charges in the supersymmetry algebra which are due to the existence of R-R charges of the D-p-brane. The cross term in the left-right part of N=2 supersymmetry algebra
does not vanish when conditions i) and ii) for covariant quantization are satisfied. These conditions provide the invertibility of the second class fermionic constraints in Lorentz covariant gauges.
As the special case we have performed a covariant quantization of D-0-brane. The resulting supersymmetry generator is d = 10 Lorentz covariant and the Dirac bracket of the quantized theory form d = 10, N = 2 supersymmetry algebra with a central charge.
By announcing that D1-brane can be covariantly quantized we have to be able to deal covariantly with the IIB Green-Schwarz action since it is SL(2,R) dual to the D1-brane. Our conclusion is that this is indeed possible under the condition that the massless state is projected out from the fundamental IIB string. In [3] this was effectively demonstrated since the static gauge used there corresponds to the IIB superstring wrapped around the circle and such object does not have massless excitations. Thus, we conclude that the old problem of impossibility to covariantly quantize the fundamental string can be avoided for IIB fundamental string for all states but massless. The dual partner of it, D-1 string, does not have massless states, and duality works only in the sector of massive excitations of these two theories, quantized covariantly. To confirm this picture and better understand these issues one has to quantize these two dual theories in the conformal gauge for the reparametrization symmetry and in covariant gauge for κ-symmetry.
One has to note here that the choice of the Lorentz covariant fermionic gauge is not trivial for objects dual to D-branes. It has been explained in [10] that the projector Γ of κ-symmetry of D-p-branes anticommutes with Lorentz covariant chiral projectors in d=10. This technically explains why Lorentz covariant gauges are capable of removing the degeneracy of the theory due to κ-symmetry on D-p-branes. This is not the case for the fundamental strings, and the choice of the acceptable Lorentz covariant fermionic gauge has to be done properly. It is important that in IIB theory with two chiral spinors any gauge of the type
where c is and arbitrary constant, is consistent with Lorentz symmetry.
Similar observations apply to the D2-brane versus the eleven-dimensional supermembrane [6] which are also related to each other, this time via duality on the worldvolume. Is it possible that we can covariantly quantize the D2-brane but not the dual d=11 supermembrane? First notice that the chiral projectors 1 2 (1 ± Γ 11 ) which have been used for the covariant quantization of a D-2-brane are covariant in d=10 but not Lorentz covariant in d=11. Secondly, our requirement of the absence of massless states in d=10 for the D-2-brane does not exclude the massless d=11 state since we have a BPS ground state in d=10. As we have seen in quantization of the D-0-brane in Sec. 7, the BPS condition −P At this stage we have learned that the 10d Lorentz covariant quantization of the D-2-brane may be a step towards understanding of the spectrum of states of the fundamental theory. In particular, we have found the mass formula for the D-2-brane (8) which is a d=10 Lorentz covariant generalization of the mass formula of the supermembrane quantized in the light-cone gauge [7, 8] .
